Assam Academy of Mathematics
Assam Mathematics Olympiad 2023
Category II (Classes VII - VIII)

Full marks : 100 Time : 3 hours

There are 18 questions. Questions 1 to 5 carry 2 marks each. Questions 6 to 13
carry 5 marks each. Questions 14 to 18 carry 10 marks each. (Correction : There
was a typo. Any five questions from 14 to 19 may be answered.)

3 18 BT &% Witz 1 1 9 9191 5 (&1 ARG oN® 2 THIF AR | 6 I 2190 13 (&7 Afseo
oS 5 THIT ANB | A 14 I 29 18 &7 TSl &¥S 10 THIUF A |

There may be various other ways of solutions than those shown here. Queries
or suggestions regarding the solutions can be mailed to mail@aamonline.in
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1. Find the highest common factor of 131313, 232323, 333333, 434343,
131313, 232323, 333333 W< 434343 J A<D Y= Tesms W w01,

Ans : Observe that 131313 = 130000 + 1300 + 13 = 13 x (10000 + 100 +
1) = 13 x 10101. Similarly, 232323 = 23 x 10101, 333333 = 33 x 10101 and
434343 = 43 x 10101. Since 13, 23, 33 and 43 do not have any other common
factors, so the HCF is 10101.

2. Nina bought a notebook containing 96 pages and numbered on both sides
from 1 to 192. Sumit tore out 20 pages of Nina’s notebook and added the
page numbers he found on these torn pages. Is it possible that Sumit got
2023 as the sum? Give reasons to your answer. (192 was wrongly printed as

2023 in the original question. The correction was communicated in the exam
halls)
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Ans : Each page has odd page number on one side and even on the other. So,
sum of the page numbers on each page is odd. So, sum of the page numbers
in 20 pages is even as the sum of even number of odd numbers is even. So,
the sum can never be 2023.

3. Let S, =1+ 4+ 3+ 3+ ...+, for natural number n. Find the value of
(Slo — Sg) + (Sg — Sg) + (Sg — 87)
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W« TH, (FIN FORE AWM n I IW@ S, = l+34+35+3+...+
(510—59)+(59—Sg)+(58—87)@'Wﬁ‘fil@l

Ans :

3=
3

(S10 — S9) + (Sg — Ss) + (Ss — S7)

=510 — 57
= 1+1+1+1+ +1 1+1+1+1+ +1
a 2 3 4 7710 2 3 4 7

11 121

1

§79710 360

4, Given that the number 148101a095 is divisible by 11, where a is some digit,
what are the possible values of a?
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Ans : If 1481014095 is divisible by 11, then the difference between the sum
of digits in even places and the sum of digits in odd places should be divisible
by 11. So, (1+8+0+a+9)—4+1+14+0+5) =7+ a is divisible by
11. Hence, 7+a =0 or 11 or 22 or ... but a is a digit, so the only option is
7+a=111ie. a=4.

5. If each side of a cube is increased by 50% then by what percentage the surface
area of the cube is increased?
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Ans : Let, a be length of each side of the cube. a' be the new increased length

3
of each side of the cube. By question o’ = a+50% of a = a+% = ?a‘ Original
2 . 3a\* 27,
surface area is 6a°. New surface area is 6 x > ) = ?a . So, percentage
) ) %7@2 — 6a?
increase is ————— x 100% = 125%.
6a?

6. Let p(x) = a + bx + ca?® + da® + ex* be a polynomial where a,b,c,d, e are
non-composite positive integers such that a x b x ¢ x d x e = 2023. Find the
value of p(1).

9 T p(z) = a + bz + ca? + da® + ezt GBI @AM, TS b, ¢, d, e T-ND
LTS TG Y ACS 0 x b x ¢ X d X e = 20231 (ST p(1)I W fqefxy w11
Ans : Given a x bx cx d x e = 2023 = 7 x 17 x 17. Since a,b,c,d, e are

non-composite, so three of them are 7,17, 17 and the remaining two are equal
tol So,p(l)=a+btc+dte=T+17+17+1+1=43.
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The product of two numbers is 49280 and their HCF is 16. Find all such pairs
of numbers.
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Ans : We know, product of two numbers is equal to the product of their HCF
and LCM. Given, product is 49280 and HCF is 16, so the LCM is 49280/16 =
3080. Now, 3080 = 8 x 385 which shows that LCM is not divisible by 16 i.e.
the HCF. This contradicts that LCM is always divisible by HCF. Thus, there
cannot exist any such pairs of numbers whose HCF is 16 and prouct is 49280.

Rahul had to catch a bus that was 225 m ahead of him. The bus also started
at the same time. If the speed of the bus was 2.5 m/s and Rahul’s speed was
36 km/h, in how much time can he catch the bus?
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36000
Ans : Speed of bus is 2.5m/s =. Speed of Rahul is 36km/h = Wm/s =

10m/s. Let Rahul catch the bus in time ¢ seconds. Distance travelled by Rahul
in time ¢ is 10¢ and distance travelled by bus in time ¢ is 2.5¢. By question,
since they started together, 10t — 2.5¢ = 225 i.e. 7.5t = 225 i.e. t = 30.

. A can do a piece of work in 25 days and B can finish it in 20 days. They work

together for 5 days and then A goes away. In how many days will B finish
the remaining work?
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Ans : In 1 day, A can do 5= of the work. In 1 day, B can do 5 of the work.

Together, in 1 day they can do 5 + 55 = 73; of the work. In 5 days, they
can do 2 =

00 = 5 of the work. Thus, part of work remaining after 5 days is
1 — o = 5. This is to be done by B alone. Complete work can be done by
B in 20 days. So, 5 of the work can be done in 20 x 35 = 11 days.

If a,b, c,d satisfy the equations a + 7b + 3¢ + 5d = 0, 8a + 4b + 6¢ + 2d = -16,
2a+6b+4c+8d = 16 and 5a+3b+T7c+d = -16. Find the value of (a+d)(b+c).

AW a,b, ¢, d @ a+T7b+3c+5d = 0, 8a+4b+6¢+2d = -16, 2a+6b+4c+8d = 16
I 50+ 3b+ Tc + d = -16 Q320! AP 1@ I 1 (98 (0 + d) (b +¢) I
e efy 41

Ans : Given

a+T7b+3c+5d =0
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8a + 4b + 6¢ + 2d = -16
2a 4 6b+ 4c+ 8d = 16
5a +3b+T7c+d=-16
Adding the 2nd and 3rd equations, we get
10(a+b+c+d)=01ie. a+b+c+d=0.

Adding all the equations, we get 16(a+d)+20(b+c) = -16. Now, a+b+c+d =
0,s0 a+d= —(b+c). Thus, —16(b+c¢)+20(b+c) = —16, so that b+c = —4.
Also, a +d = —(b+ ¢) = 4. Hence (a + d)(b+ ¢) = -16.

11. In the following star, find the sum of the angles A, B,C, D and F.
Ooq SACHAWS A, B,C, D QF F (@[ @ [qefa 1

Ans : We label the angles in the star as in the diagram.

By angle sum property of triangles, we have

A+a1+a=B+bij+b=C+ci+c=D+di+dy=FE+e;+ey= 180°.
Now, the angles aj,y and as,u form linear pairs. So, a; = (180° — y) and
as = (180Y—u), so that a;+as = 360°—(u+y). Similarly, b;+bs = 360" — (u+v),
c1+ e = 360" — (v+w), di +dy = 360° — (w+x) and e; +e9 = 360° — (z+ ).

A+CL1+CL2:18OO
= A+ 360° — (u +y) = 180"
=A=u+y— 180

Similarly, B = u+v —180°, C = v +w — 180, D = w + 2 — 180° and
E=xz+y—180", Thus, A+ B+C+D+FE =2(u+v+w-+z+y)—5x 180"
By angle sum property of pentagon, v+ v +w + z +y = 540°. So, A+ B +
C+D+E=2x540" — 5 x 180° = 1080° — 900" = 180°.
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13.

14.

Figure 1: Star

Find the smallest number greater than 2023 which when divided by 6, 12,68
and 102 leaves remainder 5 in each case.

GTFFA ABIZOCE AP FLACE! e 91 G 2023 ©F ©heT I T 6, 12, 68
< 102 (I 299 SR AfSE! (F@qre Oy 5 A |

Ans : LCM of 6, 12, 68 and 102 is 204. The subsequent common multiples are
204 x 2,204 x 3,204 x 4,... and so on. Thus, the smallest common multiple
of 6, 12, 68 and 102 that is greater than 2023 is 204 x 10 = 2040. Required
number is 2040 + 5 = 2045.

Three fourth of a tank is filled with water. A pipe can fill it in 12 minutes
and another pipe can empty it in 8 minutes. If both the pipes are opened
together, find the time in which the tank will get emptied ?

qB1 (<RI fof bgeies! 21 (3 ©fF ©itz | qie #418ee 12 fifibe T3 #Aies e
R AT AF O qUIE 37F 8 M b® Fojefqest dret FRF #i1q | I qrareE
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Ans : In one minute, the pipe can fill &5 part of the tank. In one minute, the

other pipe can empty 3 part of the tank. Thus, effectively, in one minute,

§ — 15 = 57 of the tank is emptied. So, the full tank can be emptied in 24

minutes. Hence, three fourth of the tank can be emptied in 2 x 24 = 18
minutes.

A rectangular room has a balcony attached externally to its shorter side in
form of a right angled triangle. The sides of the room are of lengths 12 ft
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and 10 ft and the sides of the balcony are integers in ft. How many square
feet of carpet is required to cover the floor of the room with the balcony ?

qB ATOFIT (FIOR § ARG Gice AfeTq #[1 Aea AN fagesfos atat
Q4 TR | (FIIEI AGIOR A 12 Fb OIF 10 T A IQIIRTT ADTZT (TGS
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121t

10 ft 10 ft

12 ft

Ans : Since the sides of the balcony are integers and 10? = 8% 4 62, so the
right triangular balcony has the perpendicular sides of lengths 8 cm and 6
cm. Area of the room is 120 sq. ft. Area of the balcony is 5 x 8 x 6 = 24 sq.
ft. Thus total carpet required is 144 sq. ft.

15. Eight cards have numbers 1,2,3,4,5,6,7,8 written on them. They are rearranged
in various ways and placed one over the other. In how many cases will the
top two cards form a pair of twin primes i.e. primes which differ by two ?

TG TS 1,2,3,4,5,6,7,8 €3 FLYPTZ foral @neg | Frees [foqaaee «mis
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Ans : Total number of arrangements is 8! = 40320. The only pairs of twin
primes here are 3,5 and 5, 7. Number of arrangements where 3,5 are top two
cards is 6! x 2! = 720 x 2 = 1440. Number of arrangements where 5,7 are top
two cards is 6! x 2! = 720 x 2 = 1440. So, required number of arrangements
where the top two cards form a pair of twin primes is 1440 + 1440 = 2880.

16. Let M be the intersection point of medians of a triangle AABC. Given
AC =2BC and ZACM = Z/CBM. Find ZACB.

@ T M (8 AABCI VIR (=A< | T3l @ite AC = 2BC A<
/ACM = /CBM | (T8 /ACB I 9 g <411

Ans : Since BD is median, so D is the mid-point of AC. So, let AD = DC =
% = BC = x. Given, ZACM = ZCBM = «, say. Since DC' = BC = z, so
we have Z/CDM = /CBM = «. Thus, in triangle CDM, CM = MD =y
say. Since BD is a median and M is the centroid, so BM : MD = 2 : 1.
Hence, BM = 2y.
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18.

Figure 2: Labelled diagram

Now, AC'DM is similar to ABCD. So, their corresponding sides are propor-
tional. Hence,

CM MD DC ) .
= = = — = = = =3 2. Th ’ ABMC,
BC  DC BD x =z gty 0 T oY s n

BC?* + CM?* = 2* + y* = 3y + y* = (2y)> = BM?. So, ABMC is a right
angle triangle with ZBCM = 90° which gives a + 2a = 90° ie. o = 30°.
Thus, ZACB = ZACM + Z/BCM = o + 90° = 120°.

Yy i

Find the number of non-negative integer solutions of x? + y = 40320. Also,
list all the solutions.

22 4y = 40320 ANFIEABIF FAO! AT QL TN AfF? FANLTIR feife
Tferedt |

Ans : Starting with # = 0 and proceeding with consecutive integers we get
the non-negative integer solutions as x = 0,y = 40320; = = 1,y = 40319;
r = 2,y = 40316; * = 3,y = 40311 and so on. We shall stop when 22
takes the value of the perfect square just smaller than 40320. It is easily
observed that 200> = 40000 and 201? = 40401 > 40320. Thus, there are
exactly 201 non-negative integer solutions given by z = n,y = 40320 — n?
where n =0,1,2,...,200.

Evaluate /2023 x 2024 x 2025 x 2026 + 1.
/2023 x 2024 x 2025 x 2026 + 1 ERCACEEEE
Ans : Consider \/n(n +1)(n+2)(n+3) + 1.

Vnm+1)(n+2)(n+3) + 1
=/(n2 +3n)(n2+3n+2) +1
=v/(n2 +3n)2 +2(n2 + 3n) + 1
=v/(n%+3n+1)?
=n" + 3n + 1
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Putting n = 2023, /2023 x 2024 x 2025 x 2026 + 1 = 20232 +3 x 2023 + 1 =
4098599.

19. A student starts printing the natural numbers, one in each page, in the natural
order. He stops when 3333 digits have been printed in all. How many pages
did the student print ?
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Ans : Total number of one-digit numbers printed = 9 (From 1 - 9). Number
of digits used = 9.

Total number of two-digit numbers printed = 90 (From 10 - 99). Number of
digits used = 2 x 90 = 180

Total number of three-digit number is 900 (From 100 - 999)
Number of digits used = 3 x 900 = 2700
Total number of digits used so far = 9 + 180 + 2700 = 2889

Number of digits remaining = 3333 - 2889 = 444,

444
Number of four-digit numbers required to be used = o = 111.

So, four-digit numbers are used from 1000 to 1110. The student prints 1110
pages.
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