Assam Academy of Mathematics
Assam Mathematics Olympiad 2023
Category III (Classes IX - XI)

Full marks : 100 Time : 3 hours

There are 18 questions. Questions 1 to 5 carry 2 marks each. Questions 6 to 13
carry 5 marks each. Questions 14 to 18 carry 10 marks each.
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There may be various other ways of solutions than those shown here. Queries
or suggestions regarding the solutions can be mailed to mail@aamonline.in
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1. What is the 288th term of the sequence
a,b,b,c,c,c,d,d,d,d,e,e e e.e, f,f, fof,f, f,... 7
a,b,b,c,c,c,d,d,d,d,e,e e e e, f,f, f,fof,f,. ..
Q3 SAEAGE WboN 2Mes! 62

Ans : The 1st letter a appears once, the 2nd letter b appears twice, the

third letter ¢ appears three times and so on. The nth letter appears n times

1
consecutively. The nth letter thus goes upto 1+2+3+...+n = Mth

2
1
n Y 988 e, nn -+ 1) < 242 This

23(23 + 1
gives n + 1 < 24 i.e. n < 23. The 23rd letter last occurs in the 2823+ 1) 2+ ) —

24(24 + 1)

term. Thus, for the given question

276th term. And the 24th letter last occurs in the = 300th term.

Thus, the 288th term is the 24th letter i.e. x.

2. An umbrella seller has umbrellas of 7 different colours. He has a total of
2023 umbrellas in stock but because of the plastic packaging, the colours are
not visible. What is the minimum number of umbrellas that one must buy in
order to ensure that at least 23 umbrellas are of the same colour ?
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Ans : If there are at most 22 umbrellas of each colour, then one has bought
at most 7 x 22 = 154 umbrellas. In order to ensure at least 23 umbrellas of
the same colour, one has to buy at least 7 x 22 + 1 = 155 umbrellas.
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3. Find the number of integer solutions of ||x| — 2023| < 2020.
||| — 2023| < 2020 €3 AANFIOCEIF FAFET GG AT ANfFR?

Ans : ||z| — 2023] < 2020 = —2020 < |z| — 2023 < 2020 = 3 < |z| < 4043.
So, |z| can take values 4,5,6,...,4042 i.e. 4039 values. Thus, = can take
2 x 4039 = 8078 values.

4. Real numbers a, b, ¢ satisfy (20 — a)? + (20 — ¢)? = 2(2b* — ac). Prove that
a+ c = 2b.

a,b, c IABI A FOFBIR (20 — a)? + (20 — ¢)? = 2(2° — ac). 93 TR Fim
IEIANA I T a+c=2b |

Ans :

(2b — a)* + (2b — ¢)* = 2(2b* — ac)
=4b% 4 a® — dab + 4b* + 2 — 4bc = 4b* — 2ac
=(a® + ¢* + 2ac) — 4b(a + c) + 4b* =0
=(a+c¢)* —2.2b(a+c) + (2b)* =0
=(a4+c—2b*=0
=a+c=2b
=b—a=c—b

Hence, a, b, c are three consecutive terms in some arithmetic progression.
5. What is the least possible value of 2? + y?> — # — y — xy where x,y are real

numbers ?

CRICT I8 WA 2,y T A@ 22 4y — 2 — y — wy I I F(] I T 27
ANCS?

Ans :

Pyt —r—y—y
="+’ + 1P -z —y—ay) -1

sl =17+ (= 1+ (=) 1

1
Z§(O—I—O—|—0) —1=-1
So, the minimum value is —1.

6. What is the remainder when 128223 is divided by 126?
128%0% 5 126 (] 299 FC O e Afwa?
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Ans : 128 = 27 = 2 (mod 126). Thus,

128%0%3 = 22023 (mod 126)
= (2% (mod 126)
=2 (mod 126)
= 2742 (mod 126)
=2 x 2?2 (mod 126)
=2%  (mod 126)
=271 (mod 126)
=20x 2" (mod 126)
=27 (mod 126)
=2 (mod 126).

Required remainder is 2.

2
1 1 1
7. If xyz = 1 find the value of T+ T+ |-
1+x+§ l+y+- 1+z+-

2
1 1 1
W ryz = 1, COCS -+ r+ : I T [y F4r
1—|—ZIZ—|‘§ 1+y+; 1+Z+E

Ans :

2
R S
Itaty 1+y+; 1+z+;

1 1 x 2
+ +
l+r+2z z2yz+y+aoy x+zz+1

1 Tz T 2
+ +
l4+2z+2x2z x2z+14+2 xz+axz+1

1 1 © ?
= + +
l+o4+2z ylzz+1l+2) z+zz+1

8. If n is a positive even number, find the last two digits of (26" +26) — (6" —62).

CRICT GATSIS ol A 7, F AMCF, (2 + 26) — (62" — 62) I ¥1F< &F o1 fF 29
et <<t

(3) AMO2023/Cat-III



Ans :

(29" 4 26) — (6*" — 62)

Now, n = 2m (say), as n is even
. 26n . 62n — 26><2m o 62><2m
= (2")" — (64"
— (4096)™ — (1296)"™
= 96" — 96" (mod100)
= 0(mod100)

.. Last two digits 88.

9. What is the smallest positive integer having 24 positive divisors?
24 B 4II9F TRAMSMB ABIROLF AT YATF qAG AL {52

Ans : The number of positive divisors of a number of the form p® x ¢° x r¢ x s
where p,q,r, s are distinct primes is (a + 1)(b + 1)(c + 1)(d + 1). Since
24 =12%x2=6x4=4x3%x2=3x%x2x2x2, sonumbers of the form
p?3 or pM x q or p° x ¢* or p? x ¢*> x r or p® x ¢ x r x s have 24 divisors.
To find the smallest number having 24 positive divisors, we need to consider
prime factors as small as possible, raised to small powers. Thus, the possible
choices are 2%, 211 x 3, 2° x 33, 23 x 32 x 5 and 22 x 3 x 5 x 7. Out of these,

the smallest is 23 x 32 x 5 = 360.

d

A+ B+ A+d
c2 + a? + b?
5t o2 + b2

10. If a, b, c # 0, prove that > 6.

> 6.

AW a,b,c £ 0, N9 F @

c
Ans : Since a,b,c # 0, so a?,b?, ¢ > 0.

A+ V+E A4 ad?
+ +

using AM-GM inequality for the 6 quantities T R
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11.

12.

Let p(z) be a polynomial of degree 10 with non-negative integer coefficients.
The remainder when p(z) is divided by (z — 1) is 3. How many such polyno-
mials are there ?

491 2% p(z) @51 10 M@ IR2M I AT FRTYR (202 AP &HS F72Ll 1 ()
T (2 — 1) (T 239 FRC ST 3 ACF | (SFA P! Igom i A2

Ans :
P(z) = ap + a1z + asz® + - -+ + agor’, ay # 0

According to question,

P(1) =3
=ay+a+ay+---+aypy=3

Since a9 #0,s0let ajg=1+y, y >0

cagtart+azt - t+ag+ (1+y) =3
=ap+ar+ag+ - +agty =2
o ' .. (24 10)!
Number of non-negative integer solutions of the equation is oo
12 x 11 o

= 66. Thus, there are 66 such polynomials.

In quadrilateral ABCD, AD || BC, diagonals AC' and BD are perpendicular
to each other, X and Y are mid-points of AB and C'D respectively. Prove
that AB+CD > AD + BC.

ABCD v9geor® AD || BC, AC &% BD I9qE[ 79 7%, X AIF V (207
IPGFE AB OF C DI TGR7 1 &= I @ AB + CD > AD + BC.

Ans :
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Since AAPB is right-angled triangle and X is mid point of AB. So, PX =
1
AX = XB = §AB. Similarly, DPC' is the right-angled triangle, so PY =

DY =YC = %DC. In APXY,

PX +PY > XY

1 1
=5 AB +5DC > XQ + QY
1 1 1 1
~_AB+-DC > =B —AD
:>2 +2 0_2 C+2
=AB+CD > AD + BC

13. Let S(r) denote the sum of the infinite geometric series 17 + 17r + 1772 +
17r3 + ... for —1 <r < 1. If S(a) x S(—a) = 2023, find S(a) + S(—a).

A @ —1 < r < 1 9@, S(r) @ 17+ 17r + 1772 4 1703 + ... @3
STATGT EACBIN @FATS PR 1 AW S(a) x S(—a) = 2023, 5B S(a) + S(—a)

3 T [y T
17 17
Ans : S(a) = m, S(—CL) = 1ta
S(a) x S(—a) = 2023
17 17
1—ax 1—|—a_2023
= =7
(1—a)(14a)
1 1 4
2S(a) 4+ S(—a) = ! + ! 5 =34 x7=238

l-a 1+a (1-a)(l+a)

14. Find all possible triples of integers a, b, ¢ satisfying a+b—c = 1 and a®>+b*—c* =
—1.

a+b—c=1F a2+ — 2 =—1 93 AT 7o o7 T4 AGRER AT
Y AN o, b, ¢ {7967 T

Ans :
a+b—c=1=a+b=c+1 (1)

A+ - =-1
=(a+b)°—2ab=c*—1
=(c+1)7—2ab=c—1
= 4+2c+1—-2ab=c*—1
=2ab = 2c+ 2
=ab=c+1 (2)
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15.

From @ and , we get
a+b=uab 3)
If a =0, then b = 0. Also, if b =0 then a = 0. Thus, a = 0,b = 0 is a solution

of @ In this case, c = —1 (from [I). So, a =b=10,c = —1 is a solution.
Now, other solutions, if any, of 3 will require both a and b to be non-zero.

Using @,
a(l—0)=-b
=alb—1) =10
- a#0 and a and b are integers, so alb (4)
Again, from @
bla—1)=ua
ra # 0 and a and b are integers, so bla (5)

From @ and H, a = b. Thus, using @

a+a=a’ (6)
=a? = 2a (7)
=a=2(.a#0) (8)

b=2and c=2+2-1=3.

Let f(x) be a polynomial of degree 3 with real coefficients satistying | f(z)| =
12 for x =1,2,3,5,6,7. Find |f(0)]. (Typo corrected)

QI TH f(2) (202 AV F2AARB 3 W@ BT I77W ACS & = 1,2,3,5,6,7 I AR
f(z)] = 121 coT8 | f(0)] T I fefa =4t

Ans : (There was a typo in the original question. The values of x were given
tobe x =1,2,3,4,5,6,7. Thus, f(x) is either 12 or -12 at x = 1,2,3,4, 5,6, 7.
So, by Pigeonhole Principle, f either takes the value 12 at least at 4 different «
or -12 at least at four different x. But that is not possible as f is a polynomial
of degree three. Students who have provided similar justifications have been
awarded marks.)

Without loss of generality, let f(1) = 12 (If f(1) = —12 then take — f(x) as
the polynomial, which leaves |f(0)| unchanged.) Because [ is third-degree,
write

(z —1)(z —b)(x — ¢ (9)
(x —d)(z —e)(x— f) (10)
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where, b, ¢, d, e, f clearly must be a permutation of 2,3,5,6,7 from the given
condition. Thus b+c+d+e+ f=2+3+5+6+7=23.
Subtracting the two equations E, we get,

—24 =af(x —1)(z = b)(x —¢c) — (x — d)(x — e)(z — f)]

Comparing the coefficients of 22, we get 1+b+c = d+e+ f and thus both values
24
equal to 5 = 12. As a result, {b,c} = {5,6}. As a result, —24 = a(12) and so

a = —2. Now, we easily deduce that f(0) = (=2)-(—=1)-(=5)-(—6)+12 =72,
and so removing the without loss of generality gives |f(0)| = 72.

16. n is a positive integer such that the product of all its positive divisors is n?.
Find all such n less than 100.

n 5T X SYG Y ATO AN WHIBRIN 42T TAMST 2[F%e n’ B 1 100
©LF AF (OCIFA! AGIRCEIN ]IS Sferean

Ans : Let dy,ds,...,d; be the positive divisors of n in increasing order. By
question dldgdk = 713. Observe that dldk =n, d2dk—1 = n, dgdk_g =
n and so on. Thus, regrouping the divisors in dids...d; = n3, we get
(dydy.)(dady_1)(d3dy_2) ... = n3. But since each product in the parentheses in
LHS is n, so that means there should be only six divisors. Thus, n should be
of the form p° or pg* where p,q are distinct primes. The only n less than
100 of the form p° is 2° = 32. The numbers of the form pg? are 2 x 32 = 18,
3x22=12,2x52=50,5x22=20,2x7° =098, 7x22=28, 11 x 22 = 44,
13x22=52,17T%x22 =68, 19x22=176,23x2> =92, 3x5%=175,5x3%>=45,
7 x 3% =063, 11 x 32 = 99.

17. If in AABC, AD is the altitude and AFE is the diameter of the circumcircle
through A, then prove that AB- AC' = AD- AE. Use this result to show that
it ABCD is a cyclic quadrilateral then show that

AC - (AB-BC +CD-DA)=BD-(DA-AB + BC -CD).
AABC S AD Tafs @i AFE (28 A I W& 9 2 @RI RSB 17 | (o0

ANl F9 @ AB - AC = AD - AE. 93 TAwe0! G219 I8 MYed & ABCD
9Bl TER PYOE, O TS MY (@

AC - (AB-BC +CD-DA) = BD - (DA- AB + BC - CD).

Ans :
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In AABD and AAEC,
LADB = ZACE(=90°)
/ABD = /CFEA

., . .. AB AD B
2. AABD ~ AAEC which implies 1E = A0~ AB.AC = AD.AE.

A

Now consider a cyclic quadrilateral ABCD in a circle of radius R. Using the
above result, we have

AB.BC =2R.BM
DA.DC =2R.DN

Hence,

AC.JAB.BC + CD.DA]
—AC.2R.BM + AC2R.DN
—2R[2AABC + 2AACD]
—ARS

where S = the area of the quadrilateral ABCD.
Similarly, BD.[DA.AB + BC.C D] = 4RS, and then result follows.
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18. A circle of radius 2 is inscribed in an isosceles trapezoid with the area of 28.
Find the length of the side of the trapezoid.

28 35 @S IR ARG GG (Fq GBS 2 GFF JPNE I8 GBI TBKE 1
020 | (GiATeISCoN res ey e

Ans :

The height and area of the trapezoid are 4 and 28 respectively. Thus,

1
§><4><(2x+2y):28

=>r4+y="7 (11)
Also,
2u —2x. % N
() + 2= ()
=4ry =4 x4
=y =4 (12)
From @ and , we have,
4
T+—=7
T
=1> —Tr+4=0
74+ v49 — 16
=r = 5

So, 2x =7 — /33,2y = 7+ /33 (As we assumed z < y). So, the sides of the
trapezoid are 2xr =7— V33, x+y=72y=7++v33and x +y =7,
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